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Tensor-Product Model-Based Control
of Two-Dimensional Aeroelastic System

Péter Baranyi∗

Computer and Automation Research Institute of the Hungarian Academy of Sciences, H-1111 Budapest, Hungary

Use of a recently introduced numerical robust-control design method to stabilize aeroelastic systems according
to different control specifications is studied. This numerical design is based on the tensor-product model trans-
formation and the parallel-distributed-compensation design framework. An alternative description of aeroelastic
models is also proposed as a gateway to various recent linear-matrix-inequality-based control theories. This study
is conducted through an example that focuses attention on the state-variable-feedback controller design to the
prototypical aeroelastic wing section with structural nonlinearity. This type of model has been traditionally used
for the theoretical as well as experimental analysis of two-dimensional aeroelastic behavior and exhibits limit-cycle
oscillation without control effort. Numerical simulations to provide empirical validation of the resulting controllers
are presented. Comparison to former alternative control solutions is also presented.

Nomenclature†

a = nondimensional distance from the midchord to the
elastic axis

b = semichord of the wing
ch = plunge structural-damping coefficients
clα = lift coefficients per angle of attack
clβ = lift coefficients per control surface deflection
cmα

= moment coefficients per angle of attack
cmβ

= moment coefficients per control surface deflection
cα = pitch structural-damping coefficient
h = plunging displacement
Iα = mass moment of inertia
kh = plunge structural-spring constant
kα(α) = nonlinear stiffness contribution
L = aerodynamic force
M = aerodynamic moment
m = mass of the wing
U = free stream velocity
xα = nondimensional distance between elastic axis and the

center of mass
α = pitching displacement
β = control surface deflection
ρ = air density

Introduction

I N the past few years various studies of aeroelastic systems have
emerged. One can find a whole series of detailed studies of this

topic in the Journal of Guidance, Control, and Dynamics.
Regarding the properties of aeroelastic systems, one can find the

study of free-play nonlinearity by Price et al. in Refs. 2 and 3 and
by Lee and LeBlanc in Ref. 4, and a complete study of a class
of nonlinearities in Refs. 3 and 5. O’Neil and Strganac6 examined
the continuous structural nonlinearity of aeroelastic systems. Recent
analysis is given in Ref. 7. These papers conclude that an aeroelastic
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system may exhibit a variety of nonlinear phenomena such as limit-
cycle oscillation, flutter, and even chaotic vibrations.

Control strategies have also been derived for aeroelastic systems.
Block and Strganac8 show that in the case of large-amplitude limit-
cycle oscillation behavior the linear-control methodologies do not
stabilize aeroelastic systems consistently. At the NASA Langley Re-
search Center, a benchmark active-control technique (BACT) wind-
tunnel model has been designed and control algorithms for flutter
suspension have been developed by Waszak,9 Mukhopadhyay,10

and Kelkar and Joshi.11 For an aeroelastic apparatus, tests have
been performed in a wind tunnel to examine the effect of non-
linear structural stiffness, and control systems have been designed
using linear-control theory, feedback-linearization technique, and
adaptive-control strategies.12−14

One can find studies focusing attention on the two-dimensional
prototypical aeroelastic wing section. Block and Strganac8 and Ko
et al.15 proposed nonlinear-feedback-control methodologies for a
class of nonlinear structural effects of the prototypical aeroelastic
wing section.16 In this regard Ko et al.13 develop a controller via
partial-feedback linearization. It has been shown that global sta-
bilization can be achieved by applying an additional control sur-
face. For instance, see Ref. 17. Adaptive-feedback linearization and
the global-feedback-linearization technique were introduced for two
control actuators in Refs. 12 and 13, and the Riccati-equation-based
method was used in Ref. 18. Neural-network-based design was also
discussed in Ref. 19.

The contribution of this paper is to continue these control studies
on the prototypical aeroelastic wing section. The aim of the study
is to design flutter control by state-variable feedback capable of
satisfying various control specifications.

We apply the recently introduced tensor-product (TP) model
transformation20,21 to transform the parameter-varying state-space
model of the prototypical aeroelastic wing into the tensor-product
model whereupon the parallel-distributed-compensation (PDC) de-
sign framework can be executed immediately.22 The PDC frame-
work is based on the feasibility test of linear matrix inequalities
(LMI) constructed according to various stability and other control
specifications. We apply MATLAB® LMI Control Toolbox for the
feasibility test of the constructed LMIs.23 The main advantage of
this alternative design is that it guarantees asymptotic stability via
single trailing-edge control surface, and, beyond stability, is read-
ily capable of involving a variety of different design specifications
in contrast with former control solutions. In this regard we focus
attention on the speed of response (decay-rate optimization) and
constraints on the control value.

An additional contribution of this paper is to show that the pro-
totypical aeroelastic wing section can be described exactly by the
time-varying convex combination of six linear-time-invariant (LTI)
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models. This alternative model representation is the result of the
TP model transformation and has not been investigated in previous
studies of the aeroelastic models. The advantage of this alternative
representation is that it may open a gate to various recent LMI-based
design techniques. This advantage is exploited in the present case
study.

Although this paper focuses attention on the analytically given
two-dimensional prototypical aeroelastic-wing-section model, the
applied design methodology can be applied to a variety (even more
complex forms) of aeroelastic models. The reason is that all the
steps of the discussed design method are executable numerically in
a reasonable time and it is irrelevant whether the given explicit model
is a physical model or just an outcome of a black-box identification.

Equations of Motion
To be comparable with previous studies about the prototypical

aeroelastic wing section, we adopt the same simplified equations of
motion as investigated in various works, for example, Refs. 12, 14,
17, 24, and 25. We consider the problem of flutter suppression for
the prototypical aeroelastic wing section as shown in Fig. 1. The
flat plate airfoil is constrained to have two degrees of freedom, the
plunge h and pitch α. The equations of motion can be written as(

m mxαb

mxαb Iα

)(
ḧ

α̈

)
+

(
ch 0

0 cα

)(
ḣ

α̇

)

+
(

kh 0

0 kα(α)

)(
h

α

)
=

(−L

M

)
(1)

We obtain kα(α) by curve-fitting on the measured displacement-
moment data for nonlinear spring5:

kα(α) = 2.82 (1 − 22.1α + 1315.5α2 + 8580α3 + 17,289.7α4)

We assume the quasi-steady aerodynamic force and moment, as in
the previous control design approaches:

L = ρU 2bclα

[
α + ḣ/U + (

1
2
− a

)
b(α̇/U )

]+ ρU 2bclβ β

M = ρU 2b2cmα

[
α + ḣ/U + (

1
2
− a

)
b(α̇/U )

]+ ρU 2bcmβ
β (2)

L and M are accurate for the class of low velocity. Wind-tunnel
experiments are carried out in Ref. 7. The system parameters used
are given in the Appendix. These data are obtained from experi-
mental models described in full detail in Refs. 6 and 12. With the
flow velocity u = 15 m/s and the initial values of α = 0.1 rad and
h = 0.01 m, the resulting time response of the nonlinear system is de-
picted in Fig. 2. We remark that the response will achieve limit-cycle
oscillation as claimed in Refs. 5, 6, and 12. O’Neil and Strganac6

Fig. 1 Two-dimensional flat plate airfoil small deflection, force nota-
tion, and schematic diagram.

Fig. 2 Open-loop response for plunge (h) and pitch (α) motion is
shown for U = 20 m/s and a = −−0.4.

and O’Neil et al.16 have shown the relations between limit-cycle
oscillation, magnitudes, and initial conditions or flow velocities.

By combining equations (1) and (2), one obtains(
m mxαb

mxαb Iα

)(
ḧ

α̈

)

+
(

ch + ρUbclα ρUb2clα

(
1
2

− a
)

ρUb2cmα
cα − ρUb3cmα

(
1
2

− a
))(

ḣ

α̇

)

+
(

kh ρU 2bclα

0 −ρU 2b2cmα
+ kα(α)

)(
h

α

)
=

(
ρbclβ

ρb2cmβ

)
U 2β (3)

For control design, Eq. (3) was converted into state-space formula-
tion. Let

x(t) =

⎛⎜⎜⎝
x1(t)

x2(t)

x3(t)

x4(t)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
h

α

ḣ

α̇

⎞⎟⎟⎠
and u(t) = β. Then we have

ẋ(t) = A[ p(t)]x(t) + B[ p(t)]u(t) = S[ p(t)]

(
x(t)

u(t)

)
(4)
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where

A[ p(t)] =

⎛⎜⎜⎝
0 0 1 0

0 0 0 1

−k1 −(
k2U 2 + p(x2(t))

) −c1(U ) −c2(U )

−k3 −(
k4U 2 + q(x2(t))

) −c3(U ) −c4(U )

⎞⎟⎟⎠

B( p(t)) =

⎛⎜⎜⎝
0

0

g3U 2

g4U 2

⎞⎟⎟⎠
and p(t) ∈ RN = 2 contains values x2(t) = α and U . The new variables
are given in the Appendix. Note that the equations of motion are also
dependent upon the elastic axis location a.

Basic Concepts
Linear Parameter-Varying State-Space Model

Consider parameter-varying state-space model:

ẋ(t) = A[ p(t)]x(t) + B[ p(t)]u(t)

y(t) = C[ p(t)]x(t) + D[ p(t)]u(t) (5)

with input u(t), output y(t), and state vector x(t). The system matrix

S[ p(t)] =
(

A[ p(t)] B[ p(t)]

C[ p(t)] D[ p(t)]

)
(6)

is a parameter-varying object, where p(t) ∈ � is time varying
N -dimensional parameter vector, where � = [a1, b1] × [a2, b2] ×
· · · ×[aN , bN ] ⊂ RN is a closed hypercube. Parameter p(t) can also
include some elements of x(t). Assume that the size of the system
matrix S( p(t)) is O times I .

Tensor-Matrix Product
This subsection defines some basic tensor operations used later

in this paper.
Definition 1 (n-mode matrix of tensor A): Assume an N th-

order tensor A∈ RI1 × I2 × ··· ×IN . The n-mode matrix A(n) ∈ RIn × J ,
J = ∏

k Ik contains all the vectors in the nth dimension of tensor
A, where k = 1, . . . , N and k �= n. The ordering of the vectors is
arbitrary in A(n). This ordering shall, however, be consistently used
later. (A(n)) j is called an j th n-mode vector.

Note that any matrix of which the columns are given by n-mode
vectors (A(n)) j can readily be restored to become tensor A. The
restoration can be executed even in case when some rows of A(n)

are discarded because the value of In has no role in the ordering of
(A(n)) j (Ref. 1).

Definition 2 (n-mode matrix-tensor product): The n-mode prod-
uct of tensor A∈ RI1 × I2 × ··· ×IN and a matrix U ∈ RJ × In , as denoted
by A×n U, is an (I1 × I2 × · · · × In − 1 × J × In + 1 × · · · ×IN ) ten-
sor of which the entries are given by A ×n U = B, where B(n) =
U · A(n). LetA×1 U1 ×2 U2 × · · · × N UN be denoted asA⊗N

n = 1 Un

for brevity.
Definition 3 (n-mode rank of tensor A): The n-mode rank of A,

denoted by Rn = rankn(A), is the dimension of the vector space
spanned by the n-mode matrices as rankn(A) = rank(A(n)).

Convex State-Space Tensor-Product Model
Equation (6) can be approximated for any parameter p(t)

as a convex combination of the R LTI system matrices Sr ,
r = 1 . . . R. Matrices Sr are also termed as vertex-system matri-
ces. Therefore, one can define basis functions wr ( p(t)) ∈ [0, 1] ⊂ R
such that matrix S( p(t)) belongs to the convex hull of Sr as
S( p(t)) = co{S1, S2, SR}w(p(t)), where vector w[ p(t)] contains the

basis functions wr ( p(t)) of the convex combination

S[p(t)] ≈
R∑

r = 1

wr [p(t)]Sr

The control-design methodology, applied in this paper, uses one-
variable basis functions. This means that each variable has its own
basis-function system. Or, one can say that the multivariable basis
wr (p(t)) is decomposed to the product of univariate basis functions.
Thus, the explicit form of the convex combination in terms of tensor
product becomes

S[ p(t)] ≈
I1∑

i1 = 1

I2∑
i2 = 1

· · ·
IN∑

iN = 1

N∏
n = 1

wn,in [pn(t)]Si1,i2,...,iN

where wr [ p(t)] = ∏N
n = 1

wn,in (pn(t)), Sr = Si1,i2,...,iN and pn(t) is
the nth element of vector p(t).

Therefore(
sx(t)

y(t)

)
≈

( I1∑
i1 = 1

I2∑
i2 = 1

· · ·
IN∑

iN = 1

N∏
n = 1

wn,in [pn(t)]Si1,i2,...,iN

)(
x(t)

u(t)

)
(7)

Model (7) is termed as TP model in this paper. Function
wn, j (pn(t)) ∈ [0, 1] is the j th univariate basis function defined on
the nth dimension of �. In(n = 1, . . . , N ) is the number of uni-
variate basis functions used in the nth dimension of the parameter
vector p(t). The multiple index (i1, i2, . . . , iN ) refers to the LTI sys-
tem corresponding to the in th basis function in the nth dimension.
Hence, the number of LTI vertex systems Si1,i2,...,iN is obviously
R = ∏

n In . One can rewrite relation (7) in the concise TP form as
(see Appendix)(

sx(t)

y(t)

)
≈ S

N⊗
n = 1

wn[pn(t)]

(
x(t)

u(t)

)
that is, S[ p(t)] ≈

ε
S

N⊗
n = 1

wn[pn(t)] (8)

Here, ε symbolizes the approximation error, row vector wn(pn) ∈
RIn contains the basis functions wn,in (pn), the N + 2–dimensional
coefficient tensor S ∈ RI1 × I2 × ··· × IN × O × I is constructed from the
LTI vertex system matrices Si1,i2, ... ,iN ∈ R O× I . The first N dimen-
sions of S are assigned to the dimensions of �.

For instance, assume a state-space model

ẋ(t) = A[ p(t)]x(t) + B[ p(t)]u(t)

where the parameter vector is two-dimensional p(t) =
(x1(t) x2(t)), where x1(t) and x2(t) are the elements of state vector
x(t). Then the state-space TP model form is

ẋ(t) ≈
I∑

i = 1

J∑
j = 1

w1,i [x1(t)]w2, j [x2(t)][Ai, j x(t) + Bi, j u(t)] (9)

In terms of tensors, Eq. (9) takes the form

ẋ(t) ≈ A ×1 w1[x1(t)] ×2 w2[x2(t)] ×4 xT (t)

+B ×1 w1[x1(t)] ×2 w2[x2(t)] ×4 uT (t)

Then, using the tensor-product notation, one can write

ẋ(t) ≈ S ×1 w1[x1(t)] ×2 w2[x2(t)] ×4 [xT (t) uT (t)]

=
{
S

2⊗
n = 1

wn[xn(t)]
}(

x(t)

u(t)

)
(10)

For additional simple two-dimensional examples, see Ref. 21.
The convex combination of the LTI vertex systems is ensured by

the following conditions.
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Definition 4: The TP model (8) is convex if

∀n, i, pn(t) : wn,i [pn(t)] ∈ [0, 1] (11)

∀n, pn(t) :

In∑
i = 1

wn,i [pn(t)] = 1 (12)

From an engineering point of view, this simply means that S( p(t))
varies within the convex hull of the LTI vertex systems Si1,i2,...,iN for
any p(t) ∈ �.

Remark 1: S( p(t)) has finite-element TP model representation in
many cases [ε = 0 in relation (8)]. However, exact finite-element TP
model representation does not exist in general [ε > 0 in relation (8)];
see Ref. 26. In this case ε 
→ 0, when the number of LTI systems
involved in the TP model goes to ∞. In the present control design,
we will show that the dynamic model of the aeroelastic system can
be exactly represented by a finite TP model.

We define here a further characteristic of the convex TP model.
Definition 5: The LTI vertex systems form a tight convex hull if

their corresponding basis functions have the following feature:

∀n, in; max
pn (t)

(
wn,in [pn(t)]

) ≈
δn,in

1 (13)

where ∀δn,in as small as possible. For instance, the basis functions
are determined subject to

minimize
(‖δ‖L2

)
where vector δ consists of all δn,in .

Transformation of the Aeroelastic Model
to TP-Model Form

First, we give a brief introduction to the TP model transformation
based on Refs. 20 and 21.

TP-Model Transformation
The goal of the TP-model transformation is to transform a given

state-space model [Eq. (5)] into convex TP model, where the LTI
systems form a tight convex hull. Namely, the TP model transforma-
tion results in relation (8) with conditions (11) and (12), and searches
the LTI systems as a points of a tight convex hull of S[ p(t)]; see
relation (13).

The TP-model transformation is a numerical method and has three
key steps. The first step is the discretization of the given S( p(t))
via the sampling of S( p(t)) over a huge number of points p ∈ �.
The sampling points are defined by a dense hyperrectangular grid.
To lose minimal information during the discretization, we apply as
dense a grid as possible. The second step extracts the LTI vertex
systems from the sampled systems. This step is specialized to find
the minimal number of LTI vertex systems as the vertex points
of the tight convex hull of the sampled systems. The third step
constructs the TP model based on the LTI vertex systems obtained
in the second step. It defines the continuous basis functions to the
LTI vertex systems.

Method 1: TP model transformation.
Step 1. Discretization. Define the transformation space� as p(t) ∈

� : [a1, b1] × [a2, b2] × · · · × [aN , bN ]. Define a hyperrectangular
grid by equidistantly located gridlines: gn,mn = an + [(bn − an)/
(Mn − 1)](mn − 1), mn = 1 . . . Mn . The numbers of the gridlines
in the dimensions are Mn . Sample the given function S( p(t)) over
the gridpoints:

Ss
m1,m2,...,m N

= S( pm1,m2,...,m N ) ∈ RO × I

where pm1,m2,...,m N = (g1,m1
g2,m2

· · · gN ,m N ). Superscript s means
“sampled.” Store the sampled matrices Ss

m1,m2,...,m N
into the tensor

Ss ∈ RM1 × M2 ×···×MN × O × I .
Step 2. Extracting the LTI vertex systems. This step uses higher-

order singular value decomposition (HOSVD) extended with trans-
formations NN (nonnegativeness), SN (sum normalization), and NO

(normality). The studies of HOSVD can be found in a large varieties
of publications. This paper uses the concept and tensor notation of
HOSVD as discussed in Ref. 1. The SN, NN, and NO transforma-
tions are introduced in Refs. 27 and 28.

This step executes the extended HOSVD on the first N dimensions
of tensor Ss . While performing the HOSVD we discard all zero or
small singular values σk and their corresponding singular vectors in
all dimensions. As a result we have

Ss ≈
γ
S ⊗

n
Un

where the error γ is bounded as

γ =
(∥∥∥Ss −S ⊗

n
Un

∥∥∥
L2

)2

≤
∑

k

σ 2
k (14)

The resulting tensor S, with the size of (I1 × I2 × · · · × IN ×
O × I ), where ∀n : In ≤ Mn , contains the LTI vertex systems, and is
immediately substitutable into relation (8). The NN and SN trans-
formations guarantee that the resulting LTI vertex systems form a
convex hull of the sampled systems in Ss . When the transformation
NO is executed, the resulting LTI systems form the tight convex hull
of the sampled systems.

The software implementations of HOSVD, NN, SN, and NO are
rather simple, for instance, in MATLAB programing.

Step 3. Constructing continuous basis system. One can determine
the discretized points of the basis easily from matrices Un . The
in th column vector un,in = 1...In of matrix Un ∈ RMn × In determines
one discretized basis function wn,in [pn(t)] of variable pn(t). The
values un,mn ,in of column in define the values of the basis function
wn,in (pn(t)) over the gridlines pn(t) = gn,mn :

wn,in

(
gn,mn

) = un,mn ,in

The basis functions can be determined over any points by the
help of the given S( p(t)). To determine the basis functions in vector
wd(pd), let pk be fixed to the gridlines as

pk = gk,1, k = 1 . . . N , k �= d

Then for pd ,

wd(pd) = [S( p)](1)

[(
S ⊗

k
uk,1

)
(n)

]+

where vector p consists of elements pk and pd as p =
(g1,1 g2,1 · · · pd · · · gN ,1), the superscript + denotes pseudo in-
verse, and uk,1 is the first row vector of Uk . The first mode ma-
trix (S( p))(1) of matrix S( p) is understood such that matrix S( p) ∈
RO × I is considered as a three-dimensional tensor S( p) ∈ R1 × O × I ,
where the length of the first dimension is 1. S( p)(1) practically means
that the matrix S( p) is stored into one row vector by placing the rows
of S( p) next to each other.

TP Model of the Prototypical Aeroelastic Wing Section
We execute method 1 on model (4). First, according to method 1,

let us define the transformation space �. We are interested in
the interval U ∈ [14, 25] m/s and we presume that the interval
α ∈ [−0.1, 0.1] rad is sufficiently large. This has practical signif-
icance because the prototypical aeroelastic model (4) is accurate for
low speeds. Therefore, let � : [14, 25] × [−0.1, 0.1] in the present
example (note that these intervals can be arbitrarily extended). Let
the grid density be defined as M1 × M2, M1 = 100, and M2 = 100.
By executing step 2 of method 1, one can see that the rank of the
sampled tensor Ss ∈ RM1 × M2 × 4 × 4 on the first dimension is 3 and
on the second dimension is 2. The nonzero-singular values of the
first dimension are 16,808, 1442, 2. The nonzero-singular values of
the second dimension are 13,040, 7970. By discarding only zero-
singular values (we discard 97 zero-singular values on the first and
98 zero-singular values on the second dimension, and we keep all
the nonzero-singular values), the sizes of the resulting matrices U1

and U2 are (M1 × 3) and (M2 × 2), respectively. The basis functions
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Fig. 3 Basis functions of the dimensions U and α.

w1,i (U ), i = 1 . . . 3, and w2, j (α), j = 1 . . . 2, computed by the third
step of the TP-model transformation are depicted in Fig. 3. The
3 × 2 = 6 LTI systems are

A1,1 = 103

⎛⎜⎜⎝
0 0 0.0010 0

0 0 0 0.0010

−0.2314 −0.0095 −0.0034 −0.0001

0.2780 −1.1036 0.0071 −0.0000

⎞⎟⎟⎠

B1,1 =

⎛⎜⎜⎝
0

0

−8.5825

−32.4370

⎞⎟⎟⎠

A2,1 =

⎛⎜⎜⎝
0 0 1.0000 0

0 0 0 1.0000

−231.3804 −46.3063 −4.3776 −0.2573

277.9906 −966.7931 10.6520 0.4104

⎞⎟⎟⎠

B2,1 =

⎛⎜⎜⎝
0

0

−27.3677

−103.4344

⎞⎟⎟⎠

A3,1 = 103

⎛⎜⎜⎝
0 0 0.0010 0

0 0 0 0.0010

−0.2314 −0.0227 −0.0039 −0.0002

0.2780 −1.0543 0.0089 0.0002

⎞⎟⎟⎠

B3,1 = 103

⎛⎜⎜⎝
0

0

−0.0154

−0.0580

⎞⎟⎟⎠

A1,2 =

⎛⎜⎜⎝
0 0 1.0000 0

0 0 0 1.0000

−231.3804 −16.5786 −3.4333 −0.1425

277.9906 23.0842 7.1447 −0.0157

⎞⎟⎟⎠

B1,2 =

⎛⎜⎜⎝
0

0

−8.5825

−32.4370

⎞⎟⎟⎠

A2,2 =

⎛⎜⎜⎝
0 0 1.0000 0

0 0 0 1.0000

−231.3804 −53.4094 −4.3776 −0.2573

277.9906 159.8695 10.6520 0.4104

⎞⎟⎟⎠

B2,2 =

⎛⎜⎜⎝
0

0

−27.3677

−103.4344

⎞⎟⎟⎠

A3,2 =

⎛⎜⎜⎝
0 0 1.0000 0

0 0 0 1.0000

−231.3804 −29.8524 −3.9054 −0.1999

277.9906 72.3823 8.8983 0.1974

⎞⎟⎟⎠

B3,2 =

⎛⎜⎜⎝
0

0

−15.3526

−58.0244

⎞⎟⎟⎠
Note that the rank of the first two dimensions of the sampled tensor

Ss are always three and two, respectively, independent of how we
increase the density of the sampling grid. When we numerically
check the error between the model (4) and the resulting TP model,
we find that the error is about 10−11 of that which is caused by the
numerical computation. One can see that the third singular value of
the first dimension is relatively very small. One may decrease the
dimensionality by discarding it. This yields 2 × 2 basis system. In
this case the resulting model is not exact.

In conclusion, the aeroelastic model (4) can be described exactly
in finite convex TP form of six vertex LTI models. Note that one may
try to derive the basis functions analytically from relation (3). The
basis functions of α can be extracted from kα(α). Finding the basis
functions of U , however, is rather complicated. Finding the tight
convex hull via analytic derivations may also be very hard work.
In spite of this, the computation of the TP model transformation
takes a few seconds. It should be emphasized that the TP model
transformation does not depend on the analytic model. It could be
executed on more complex physical or black-box aeroelastic model,
and the resulting TP model may contain different and probably more
LTI systems than the present example, or may not result in an exact
TP model but in a TP model with an acceptable accuracy if enough
number singular values are kept.

Determination of Controllers via Parallel
Distributed Compensation

In the previous section we transformed the aeroelastic model (4) to
TP-model form whereupon LMI design under the PDC framework
can be executed immediately. This section briefly introduces the
main concept of the LMI design and calls LMI design theorems
involving different control purposes.

As a result of the dramatic and continuing growth in computer
power and the advent of very powerful algorithms (and associated
theory) for convex optimization, we can now solve very rapidly
many convex optimization problems involving LMIs.29 Many con-
trol problems and design specifications have LMI formulations30,31

that come from the fact that LMI formulations have the ability
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to readily combine various design constraints or objectives in a
numerical tractable manner. This is especially true for Lyapunov-
based analysis and design, but also for optimal LQG control,30 ro-
bust H2/H∞ control,32,33 multimodel/multiobjective state feedback
design,30,34−37 covariance control, robust gain-scheduled control,
control of stochastic systems.30 A great list of related publications
and problems, which can be solved via LMIs, is addressed in Ref. 23.
Some authors30 claim that once a control problem is formulated in
terms of LMIs then the problem is solved and point out that the
LMI-based controller design leads to solutions even in cases where
analytic solutions do not exist. (Multiple Riccati equations cannot
be solved analytically in general.) Further developments of LMIs for
these design problems are an area of active research. Commercial-
ized software for LMI-based design are available for engineering
practices.23

As an alternative way of LMI-based robust-control design, the
PDC framework was introduced by Tanaka and Wang.22 The PDC
design framework determines one LTI feedback gain to each LTI
vertex system of a given convex TP model. The framework starts
with the LTI vertex systems S and results in the vertex LTI gains
K of the controller. The K is computed by the LMI-based stability
theorems. The PDC framework determines the control value by the
same basis functions as used in relation (8) and by K such as

u(t) = −
{
K

N⊗
n = 1

wn[pn(t)]
}

x(t) (15)

The LMI theorems, to be solved under the PDC framework, are
selected according to the stability criteria and the desired control
performance. For instance, the speed of response and constraints on
the state vector or on the control value can be considered via properly
selected LMI-based stability theorems. The present control design
applies different LMI theorems to achieve asymptotic stability and
to enforce constraints on the control value for the present aeroelastic
system.

Let us recall briefly those LMI theorems that will be applied here.
The derivations and the proofs of these theorems are fully detailed
in Ref. 21. Before dealing with the LMI theorems, we introduce
a simple indexing technique to have a direct link between the TP-
model form and the typical form of LMI formulations:

Method 2: Index transformation.
Let

Sr =
(

Ar Br

Cr Dr

)
= Si1,i2,...,iN

where r = ordering (i1, i2, . . . , iN ) (r = 1 . . . R = ∏
n In). The func-

tion “ordering” results in the linear index equivalent of an N -
dimensional array’s index i1, i2, . . . , iN , when the size of the array
is I1 × I2 × · · · × IN . Let the basis functions be defined according
to the sequence of r :

wr [ p(t)] =
∏

n

wn,in [pn(t)]

First we call one of the simplest LMI design theorems. The con-
troller design can be derived from the Lyapunov stability theorems
for global and asymptotic stability as shown in Ref. 22:

Theorem 1: Global and asymptotic stabilization of the convex TP
model (8). Assume a given state-space model in TP form (8) with
conditions (11) and (12).

Find X > 0 and Mr satisfying

− XAT
r − Ar X + MT

r BT
r + Br Mr > 0 (16)

for all r and

−XAT
r − Ar X − XAT

s − AsX

+ MT
s BT

r + Br Ms + MT
r BT

s + BsMr ≥ 0 (17)

for r < s ≤ R, except the pairs (r, s) such that wr [ p(t)]ws[ p(t)] =
0, ∀ p(t).

Because the above conditions (16) and (17) are LMIs with respect
to variables X and Mr , we can find a positive definite matrix X
and matrix Mr or determine that no such matrices exist. This is a
convex feasibility problem. Numerically, this problem can be solved
very efficiently by means of the most powerful tools available in
the mathematical programming literature such as MATLAB LMI
toolbox.23 The feedback gains can be obtained from the solutions X
and Mr as

Kr = Mr X−1 (18)

Then, by the help of r = ordering (i1, i2, . . . , iN ) in method 2, one
can define feedbacks Ki1,i2,...,iN from Kr obtained in relation (18) and
store into tensor K of relation (15).

The speed of response is related to decay rate; that is the largest
Lyapunov exponent. The largest lower bound on the decay rate that
we can find using a quadratic Lyapunov function can be found by
solving the following generalized eigenvalue minimization problem.

Theorem 2: Decay rate optimization.

maximize
X,M1,...,M1

α subject to

−XAT
r − Ar X + MT

r BT
r + Br Mr − 2αX > 0 (19)

for all r and

−XAT
r − Ar X − XAT

s − AsX

+ MT
s BT

r + Br Ms + MT
r BT

s + BsMr − 4αX ≥ 0 (20)

for r < s ≤ R, except the pairs (r, s) such that wr [ p(t)]ws[ p(t)] =
0, ∀p(t). The feedback gains can be obtained form the solutions X
and Mr ; see relation (18).

To set constrains on the control value we add the following LMIs
to relations (16) and (17) or relations (19) and (20):

Theorem 3: Constraint on the control value. Assume that ‖x(0)‖ ≤
φ, where x(0) is unknown but the upper bound φ is known. The
constrain ‖u(t)‖ ≤ μ is enforced at all times t > 0 if the LMIs

φ2I ≤ X,

(
X MT

i

Mi μ2I

)
≥ 0

hold. We obtain the feedback gains as in relation (18) by solving all
the LMIs.

Evaluation of the Derived Controllers
To demonstrate the performance of the controlled system, numer-

ical experiments are presented in this subsection. To be comparable
to other published results and figures of the control results, the nu-
merical examples are performed with a = −0.4 and with free stream
velocity and U = 20 m/s, a velocity which exceeds the linear flutter
velocity U = 15.5 m/s, and for initials h = 0.01 m and α = 0.1 rad.
The control values β (rad) are computed by model (15) as

u(t) = −
(

3∑
i = 1

2∑
j = 1

w1,i [U (t)]w2, j [α(t)]Ki, j

)
x(t) (21)

in all cases of the simulations. Vectors Ki, j result from LMIs dis-
cussed in the preceding section.

Controller 1: Global and asymptotic stabilization of the aeroelas-
tic model. Let the resulting LTI vertex systems be substituted into
the LMIs of theorem 1. The LMI solvers shows that Eqs. (16) and
(17) are feasible in the present case:

X = 108

⎛⎜⎜⎝
0.0213 0.0023 −0.0217 −0.0506

0.0023 0.0172 0.0278 −0.1131

−0.0217 0.0278 6.0189 −0.8293

−0.0506 −0.1131 −0.8293 4.2114

⎞⎟⎟⎠
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Equation (18) yields six LTI feedback gains Ki, j :

K1,1 = (−6.9079 9.8289 −0.1545 −1.1896)

K2,1 = (−2.1000 5.7063 −0.1551 −0.1848)

K3,1 = (−3.8807 11.2178 −0.1065 −0.2071)

K1,2 = (−5.9511 −5.1286 −0.1845 −0.6240)

K2,2 = (−2.6178 −8.2716 −0.3337 −0.4773)

K3,2 = (−4.0982 −4.1592 −0.1081 −0.3394)

Fig. 4 Time response of controller 1 for U = 20 m/s and a = −−0.4.

Figure 4 shows the time response of the controlled system. One
can observe the asymptotic stabilization and α(t) that smoothly
converges to zero. An important issue should be addressed here.
Theorem 1 claims that the resulting controller is globally stable.
However, the TP-model transformation is a numerical method that
can be performed over an arbitrary, but bounded, domain �. There-
fore, the global stability, ensured by theorem 1, is restricted to �
and, hence, becomes local stability. This, however, has practical sig-
nificance because the accuracy of a given model is also bounded in
reality. In the present example the prototypical aeroelastic model is
accurate only for low speeds, and we have defined � accordingly in
the design process. The resulting controller guarantees asymptotic

Fig. 5 Time response of controller 2 “min” for U = 20 m/s and a = −−0.4.
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stability in � : [14; 25] × [−0.1, 0.1]. One may extend � and exe-
cute the design method again.

Controller 1.1: Decay rate control. When we apply theorem 2
we find that α = 0 in the present case. This simply means that the
LMIs in theorem 2 become equivalent to the LMIs of theorem 1.
The resulting controller will also be equivalent to the controller 1.

Controller 2: Constraint on the control value. To bound the control
values we apply theorem 3. In the case of controller 2 “min” we
searched the minimal bound of the control value while the LMIs
are feasible. The response of the resulting controller is presented
on Fig. 5. The maximum control value is 0.25. This is significantly

Fig. 6 Time response of controller 2 “max” for U = 20 m/s and a = −−0.4.

smaller than in the case of controller 1. Obviously, we can see that
the stabilization time is more than twice as long.

For comparison we derive controller 2 “max,” where we apply
a tenfold larger bound. The response of the resulting controller is
presented on the Fig. 6. The maximum control value is 2.15. One
can observe that the stabilization time becomes considerable smaller
than on the previous figures.

We select the control result of the exact feedback linearization
technique for comparison; see Secs. IV.A and IV.B of Ref. 12. The
reason we selected this technique is that it applies a single control
surface like the present method. Figure 7 presents the time response

Fig. 7 Time response by the exact feedback linearization method for
U = 20 m/s and a = −−0.4.
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of the controller, developed via exact feedback linearization. By
comparing the control results, one can observe that the controllers
developed in this paper are considerable faster. One can also observe
that α converges smoothly to zero on Figs. 4–6, as opposed to the
values of α on Fig. 7. Note that we applied very simple LMI theo-
rems. To achieve more advantageous control results, various further
performance specifications can be ensured by selecting more pow-
erful LMI design theorems.22 Former solutions of this aeroelastic
control problem do not offer the chance to consider further control
specifications beyond stability.

Conclusions
This paper investigates the advantages of a recently proposed

numerical control design method in the case of the prototypical
aeroelastic wing section. To show these advantages, we derive con-
trollers for different control specifications and show that the present
control design is executable in a few minutes, is capable of involv-
ing various control specifications beyond stability, and results in an
exact alternative tensor-product model description, which opens a
gate to various recent linear-matrix-inequality-based design frame-
works. According to the nature of the control design method, it is
irrelevant whether the given explicit model is a physical model or
just an outcome of black-box (for instance, neural net) identifica-
tion. Thus, the general conclusions drawn from the present design
steps could be promising in different and more complex aeroelastic
systems as well.

Appendix: System Parameters and Variables
of the Aeroelastic Model

System Parameters

b = 0.135 m, span = 0.6 m, kh = 2844.4 N/m

ch = 27.43 Ns/m, cα = 0.036 Ns, ρ = 1.225 kg/m3

clα = 6.28, clβ = 3.358, cmα
= (0.5 + a)clα

cmβ
= −0.635, m = 12.387 kg, xα = −0.3533 − a

Iα = 0.065 kgm2, cα = 0.036

System Variables

d = m
(

Iα − mx2
αb2

)
, k1 = Iαkh/d

k2 = (
Iαρbclα + mxαb3ρcmα

)/
d, k3 = −mxαbkh/d

k4 = (−mxαb2ρclα − mρb2cmα

)/
d, p(α) = (−mxαb/d)kα(α)

q(α) = (m/d)kα(α)

c1(U ) = [
Iα

(
ch + ρUbclα

)+ mxαρU 3cmα

]/
d

c2(U ) = (
IαρUb2clα

(
1
2
− a

)− mxαbcα

+ mxαρUb4cmα

(
1
2
− a

))/
d

c3(U ) = (−mxαbch − mxαρUb2clα − mρUb2cmα

)/
d

c4(U ) = (
mcα − mxαρUb3clα

(
1
2
− a

)− mρUb3cmα

(
1
2
− a

))/
d

g3 = (−Iαρbclβ − mxαb3ρcmβ

)/
d

g4 = (
mxαb2ρclβ + mρb2cmβ

)/
d
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